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Abstract

An integrated information–energy framework is proposed for assessing boundary kine-
matic interactions and viscoelastic structure formation during wheat dough mixing in a
novel polyhedral chamber. The approach couples spatial boundary velocity fields with
non-equilibrium viscous energy dissipation evaluated via thixotropic hysteresis loops.
Experimental viscometric measurements conducted at T = 28 ◦C demonstrated that progres-
sive structural homogenization reduces specific power input from 5143.7 → 4510.2 W/m3,
representing a 12.3% energy reduction under investigated operating regimes. Evaluation
of thixotropic energy dissipation established an optimal gluten network structuralization
time at τ = 3.6 min, which shortens the mixing cycle by 14% compared to conventional
processing without inducing overmixing degradation. A generalized Maxwell constitutive
model with a distributed relaxation spectrum was calibrated against experimental flow
curves, demonstrating high predictive accuracy (R2 > 0.92, agreement exceeding 90%). The
proposed framework establishes a quantitative bridge between boundary shear kinemat-
ics, macromolecular gluten preservation, and processing energy efficiency, providing a
physically sound foundation for designing high-performance mixing equipment.

Keywords: mixing; rheology; energy efficiency; hydrodynamics; food systems; structure
formation

1. Introduction
Engineering analysis of dough mixing processes requires understanding the coupled

hydrodynamic, rheological, and structural behavior of multicomponent food systems sub-
jected to mechanical deformation. During processing, momentum transfer, mass transport,
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structural transformations, and physicochemical interactions occur simultaneously, result-
ing in highly nonlinear behavior of the material. Optimal dough development requires
precise control over mechanical energy input to promote gluten network formation without
inducing mechanical degradation [1–3].

The hydrodynamic response of food materials is further complicated by spatial varia-
tions in density, viscosity, phase distribution, and local flow velocity, all of which depend
on operating conditions and equipment design [4,5]. These factors determine not only
mixing efficiency but also the formation of the internal viscoelastic structure. Standard
industrial mixers often suffer from non-uniform shear stress distribution and excessive
thermal dissipation, leading to energy losses and potential over-kneading [2,6]. Therefore,
optimization of mixing processes requires an integrated consideration of hydrodynamic
and rheological phenomena.

Recent advances in computational mechanics and numerical simulation have consid-
erably expanded the possibilities for analyzing food-processing operations [5,7]. Mathe-
matical modeling, computational fluid dynamics (CFD), and nonlinear rheological analysis
are now widely applied for investigating multiphase food systems. Significant progress has
been achieved in multi-phase transport modeling [1,4], gluten rheological evolution [2,7–9],
discrete particle interactions [10], and mixing kinetics in structured media [6].

From a physical and mechanical perspective, wheat flour dough represents a complex
viscoelastic system where mechanical deformation drives protein alignment and network
building [2,11]. To adequately capture these interactions, continuum mechanics models
must be coupled with parameters reflecting microstructural evolution during mixing [8,11].

From a physical and mechanical perspective, wheat flour dough represents a complex
viscoelastic system where mechanical deformation drives protein alignment and network
building [2,11]. To adequately capture these interactions, continuum mechanics models
must be coupled with parameters reflecting microstructural evolution during mixing [8,11].
Integrating physical modeling with computational fluid dynamics enables a deeper under-
standing of energy transfer efficiency, supporting process performance improvement [5,12].

In accordance with the law of conservation of energy, mechanical energy supplied by
the mixer is distributed among elastic strain energy, viscous dissipation, and structural
rearrangement [3,6]. Quantitative analysis of these energy transformations enables the
determination of specific energy consumption associated with nonlinear rheological be-
havior [3,10]. Minimizing non-productive viscous dissipation represents a critical factor in
achieving higher energy efficiency [2,12]. Recent developments in continuous kneading
systems featuring texturized geometries by Stadnyk et al. [13] have demonstrated promis-
ing results in enhancing energy efficiency and achieving dough homogeneity through such
energy-balanced approaches. Similarly, existing numerical models frequently simplify
the working boundaries, neglecting the hydrodynamic influence of texturized active sur-
faces [4,5]. Consequently, a unified constitutive framework integrating geometric features,
rheological dynamics, and specific energy partition requires further development.

This study aims to investigate the physical regularities of dough structuralization and
energy distribution in a novel laboratory-scale mixer equipped with a texturized cylindrical
drum operating within a polyhedral chamber [5,6]. Based on engineering calculations
and numerical modeling, this work establishes a mathematical energy-balance frame-
work that quantitatively links mixing dynamics, shear dissipation, and gluten network
development [2,3].
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2. Materials and Methods
2.1. Raw Materials, Recipe, and General Process Flow

Experimental and theoretical studies were conducted in the research laboratories of
the Department of Food Technology Equipment at the Ivan Pulyuy Ternopil National
Technical University. The dough was prepared according to the standardized recipe for
molded wheat bread (FK) using wheat flour with a moisture content of 13.9 ± 0.2%, a raw
gluten content of 24%, and an extensibility of 14 cm [12]. Pressed yeast was utilized as the
fermenting agent. Sampling, preparation, and quality assessment of the flour, semi-finished
products, and final dough were carried out in strict accordance with standard laboratory
testing procedures [12,13]. The physical strength of the dough was evaluated by measuring
the spreading of a standard dough ball using an HF testing device [14].

The experiments were performed under isothermal mixing conditions, systematically
accounting for the structural, design, and kinematic parameters of both the working
body and the mixing chamber [15]. Aligned with global sustainable development goals,
this methodology focuses on optimizing the spatial distribution of mechanical energy to
minimize the cumulative carbon footprint of the technological process [16]. The dynamic
interaction between the mechanical tool and the viscoelastic medium was evaluated by
analyzing the specific energy consumption of mixing, the structural–mechanical response
of the dough, and the resource efficiency of its network formation [15,17].

In this study, the dough mixing process in breadmaking is analyzed as a critical
control point for enhancing the energy and resource efficiency of the entire manufacturing
cycle [17]. The flow phenomena within the medium were characterized across three
distinct hierarchical scales: macroscopic, microscopic, and molecular [18]. This multi-
scale approach enables a highly precise quantitative calculation of the specific energy
consumption (Wh/kg), which serves as a key indicator of industrial sustainability [16,18].

2.2. Design of the Experimental Mixer and Flow Hydrodynamics

To investigate dough structure formation kinetics and minimize energy consumption,
an experimental laboratory-scale mixer featuring a high-intensity texturized drum within a
polyhedral chamber was designed (Figure 1). Unlike conventional industrial mixers with
spiral or Z-blade geometries, this setup combines discrete hydration kinetics with dynamic
multi-stream recirculation [5,13].

Ascending Stream (v0): Fluid–flour suspension entrained by the drum surface moving
towards the upper relaxation zone.

2.2.1. Structural Specifications and Geometry

The key structural characteristics of the experimental unit are defined as follows:
Texturized Mixing Drum (r1 = 0.1 m): Equipped with a cylindrical drum (outer diameter
200 mm). To enhance mechanical traction, mitigate wall slip, and optimize energy transfer
into the viscoelastic matrix, the drum surface features uniform knurled micro-grooves with
a pitch S = 1 mm [6,13]. Polyhedral Mixing Chamber and Variable Gap (wk = 0.22 m): The
mixing chamber (220 mm width) utilizes a multi-faceted (polyhedral) wall geometry rather
than a smooth cylinder [13,16]. This configuration creates a continuously varying working
clearance (δmean = 3–7 mm), inducing non-uniform shear and elongational stress fields
along the rotation path [13,17].

2.2.2. Discrete Dosing Sequence and Interaction During the Initial Phase

Formation of the initial structure begins through the controlled temporal separation
of components: primary dosing. Initially, dry flour is fed into the chamber, forming a
moving layer of granular material at the bottom. Delayed liquid dosing (t = 5 s): after a 5 s
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delay, the liquid phase is introduced via the dispenser (5) onto the ascending surface of
the drum [13,18]. The liquid rapidly penetrates the flour layer, creating temporary local
zones of increased moisture. As the drum rotates within its polygonal contours, this layer
is continuously redistributed; this prevents the immediate formation of lumps and ensures
uniform gluten hydration prior to the intensive plasticization stage [6,13].

Figure 1. Structural-functional scheme and hydrodynamic flow pattern in the experimental mixing
chamber: 1—polyhedral working chamber housing; 2—cylindrical rotating drum; 3—working
gap boundary wall; 4—consistency gap regulator; 5—liquid feeder dispenser; 6—unloading gate;
7—discharge tray. The arrows indicate the primary circulation streams (v0, v1, vcr).

2.2.3. Hydrodynamic Structure of the Flow

Under drum rotation, the viscoelastic medium segregates into four interacting hy-
drodynamic streams (Figure 1) [6,13]: Ascending Stream (v0): Fluid–flour suspension
entrained by the drum surface moving towards the upper relaxation zone. Descending
Gravitational Stream (v1): Parabolic detachment at the top, where the mass falls under
gravity (v1 > v0), providing periodic stress relaxation [6,13]. Adherent Boundary Layer
Stream (vcr): High-shear fluid layer directly moving with the drum’s peripheral velocity.
Horizontal Recirculation Stream: Dense mass accumulating at the bottom, undergoing
continuous mixing with the returned fluid layer [6,13]. Since movement occurs at low
Reynolds numbers (Re ≪ 1), inertial effects are minimal [4,9]. Fluid behavior is modeled
using the non-Newtonian Ostwald–de Waele power–law model: τ = K·γ˙n.

As the material passes through an adjustable gap controlled by an external con-
sistency regulator (4), hydrostatic pressure is continuously converted into kinetic shear
energy [13,19]. This allows for precise control over the intensity of dissipation, preventing
excessive thermal damage to the elasticity of the gluten network while simultaneously
reducing overall energy consumption [3,13,19].

2.3. Mathematical Modeling of Mixing Energy and Dough Structuralization

To provide a rigorous, scale-independent thermodynamic evaluation of the mixing
process and quantitatively address reviewer recommendations regarding energy efficiency,
a mathematical model based on the specific mixing work (Asp, J/g) was developed. The
specific energy required to process 1 g of the sponge (dough) is characterized by inte-
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grating the instantaneous active power consumption of the mixing drum over the total
processing duration:

Asp =

∫ τ
0 P(τ)dτ

m

where P(τ) is the power consumption function of the texturized mixing drum (W) at
mixing time τ(s), and m is the mass of the sponge/dough in the bowl (g).

The mixing intensity (U, W/g) represents the rate of energy dissipation per unit mass
of the dough, calculated as U = Asp

τ .
To isolate the mechanical and design factors of the novel polyhedral mixer, the cumu-

lative specific mixing work Asp is formulated as a function of the drum’s rotational speed
n (s−1), processing time τ (s), and the scale-independent components of work executed per
single revolution:

Asp =
A nτ

m

where n is the rotational speed of the mixing drum (s−1) and A is the total mechanical
work performed during one cycle (J), determined from the energy balance of the “machine–
product” system. To illustrate the energy conversion pathways, we break down the specific
mixing work into four distinct physical components: Asp = Asp1 + Asp2 + Asp3 + Asp4,
where Asp1 (J/g) is the specific work expended on the direct mechanical mixing, volumetric
shear, and elongational deformation of the viscoelastic sponge/dough matrix:

Asp1 =
abπρ

(
r2

1 − r2)[(1 − k)π2(r2 + r2
1
)
+ k S2

2

]
nτ

m

Asp2 (J/g) is the specific work required to overcome the boundary slip resistance and
move the texturized mixing drum through the highly viscous medium:

A2 =
2 a b ρm π2n2(r3

1 − r3)
3m

Asp3 (J/g) is the specific work dissipated as thermal energy due to internal viscous
friction, causing the temperature rise in the dough and the contacting metallic components:

A3 =

124aµn
(

r4
1 − r4

S +
2r3

1b
ωk

)
τ

m

Asp4 (J/g) is the specific work directly consumed for the structuralization of the dough,
specifically the physical alignment, stretching, and stable network formation of the gluten
proteins [3,13]. Based on experimental validation of the structural changes, this value is
established as a proportional fraction of the primary deformation specific work [3,8,13]:
Asp4 = 0.1 Asp1.

Within these analytical expressions, the variables are defined as follows: a and b are
the geometric dimensions of the active shear zones of the mixing drum (m); r and rm are
the inner and outer radii of the rotation path (m), respectively; ρ and ρm represent the mass
densities of the sponge/dough phase and the overall mixture (kg/m3), respectively [6,15];
µ is the effective dynamic viscosity of the dough as a non-Newtonian fluid (Pa s) [6,8]; k is
the slip and shear resistance coefficient representing the boundary friction state between
the texturized drum surface and the dough (dimensionless) [6,13,16]; S is the knurling pitch
of the texturized micro-grooves (m) [6,13]; wk is the uniform width of the mixing chamber
(m); and n is the rotational speed of the mixing drum (s−1) [13,19].
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By analyzing these specific work components (Asp, i), we can directly quantify how
the texturized surface S and the varying gap δmean minimize non-productive thermal
dissipation (Asp3) and boundary slip losses (Asp2), maximizing the energy directed into
targeted gluten network development (Asp4) [3,12,13].

2.4. Rheological Characterization and Numerical Simulation Methods

To validate the theoretical framework and determine optimal operational parameters,
an integrated approach combining rheological testing and numerical fluid dynamics (CFD)
modeling was employed [1,5].

Rheological Testing Methodology

The rheological behavior and dynamic viscosity µeff (γ˙) of the dough matrix during
plasticization were characterized using a Rheotest-2 rotational viscometer equipped with a
coaxial cylinder measuring system [6,8]. Measurements were performed across a shear rate
range of γ˙ = 1.5–1300 s−1 under isothermal conditions (T = 28 ± 0.5 ◦C). The experimental
flow curves were fitted to the power–law model (τ = K·γ˙n) to extract the consistency index
K and flow behavior index n.

Numerical modeling of the multi-phase flow within the polyhedral mixing cham-
ber was performed to resolve local velocity fields v(x,y,z) and shear stress distributions
τ(x,y,z) [4,5]. The mathematical formulation is governed by the incompressible Navier–
Stokes equations and the continuity equation for non-Newtonian fluids:

ρ(∂t/∂v + v·∇v) = −∇p + ∇·τ + ρg

∇·v = 0

Boundary conditions were specified as follows [4,5,16]:
Rotating Drum Surface: No-slip condition (v = vcr =ω·r1).
Polyhedral Chamber Walls: No-slip condition (v = 0).
Free-Surface Boundaries: Zero normal stress (τnn = 0) at the top relaxation boundary.

Integrating CFD modeling with empirical rheological data allowed precise determi-
nation of flow limits and effective mixing duration topt, preventing over-kneading and
structural breakdown of the gluten matrix [2,3,13]. Optimizing mixing duration and shear
dissipation in the variable gap (δmean = 3–7 mm) directly minimizes specific energy con-
sumption while ensuring consistent dough viscoelasticity [3,13,19].

3. Results and Discussion
3.1. Kinematic and Hydrodynamic Analysis of Dough Transport in the Polyhedral Chamber

To quantitatively assess the kinematic parameters and the spatial distribution of
the velocity field in the mixing zone, numerical CFD modeling and experimental flow
visualization were conducted for a new multi-faceted chamber featuring a textured drum.
The internal geometry provides a variable working clearance (δavg = 3–7 mm), which

directly influences local shear rates (
·
γ) and hydrostatic pressure gradients along the path

of rotation.
As shown in the transverse hydrodynamic flow diagram (Figure 2), the mechanical

interaction between the textured working surface (pitch S = 1 mm) and the viscoelastic
medium divides the mass into four distinct continuous circulation flows: an upward flow
(v0)—the liquid-flour suspension is entrained by the micro-grooves of the rotating drum
surface (r1 = 0.1 m) and accelerated toward the upper free surface, reaching local velocities
corresponding to the drum’s peripheral speed (v0 ≈ vcr =ω r1).

https://doi.org/10.3390/su18189508
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Figure 2. The scheme illustrating the change in the contact angle between the dough and the working
body on the surface of the working body: 1—working chamber; 2—corrugated working body;
3—side walls in the shape of a polyhedron; 4—consistency regulator; 5—liquid component feeder;
6—unloading device; 7—tray.

Upon reaching the upper detachment point, the descending gravity flow (v1) under-
goes periodic stress relief and falls under the influence of gravity toward the central mixing
zone, where the local flow velocity exceeds the entrainment velocity (v1 > v0). High-shear
conditions arise directly within the boundary layer adjacent to the textured surface. At the
same time, the ribbed geometry effectively inhibits slippage. A dense mass accumulates in
the lower zone of the chamber, undergoing continuous transverse redistribution C(x, y, t)
and merging with the descending phase.

The spatial configuration of the chamber results in a cyclic alternation between high-
shear deformation phases (at a minimum clearance of δ = 3 mm) and stress relaxation
phases (at a maximum clearance of δ = 7 mm). At low Reynolds numbers (Re ≪ 1),
inertial forces remain negligible, and pressure energy within constricted gaps is efficiently
converted into kinetic energy of deformation without inducing enhanced turbulent viscous
dissipation (Asp3). Such coordinated flow dynamics establish stable zones, ensuring rapid
distribution of components C(x,y,t) during the initial 5–15 s of processing and uniform
hydration prior to the onset of intensive plasticization.

The mechanical process begins with the metered feeding of bulk raw materials into
the loading zone and liquid components (5) into the processing zone. The mixing drum
(2), rotating at speed n, ensures the continuous movement of the viscoplastic mass. As the
dough moves from the initial point of contact (point A) to the discharge zone (point B), the
local contact angle α along the guide path of length L changes continuously. According to
Equation (1), the limiting material movement velocity v0 on the surface of the cylindrical
working element is defined as

v0 = v1(1 − tanα/f) (1)

where v1 is the peripheral speed of the working element (m/s); α is the instantaneous
contact angle (typically ranging from 30◦ to 45◦); f is the coefficient of dynamic friction
between the viscoplastic medium (dough) and the metal surface. This formulation is based
directly on the concepts of boundary friction and adhesion evaluated by Stadnyk et al. [13].
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Building primarily upon static adhesion resistance, this study incorporates the dynamic
friction value into the local velocity function v0(α) to predict interfacial sliding. As the
contact angle α increases along the path of rotation, a consistent decrease in the relative
transport velocity v0 is observed. Upon reaching the limit of static equilibrium,

tanαcr = f (2)

the translational motion of the medium (its forward slippage) ceases completely. Thus,
αcr represents the maximum permissible angle of engagement (αcr = arctanf), serving as
a critical geometric constraint. This mathematical definition complements the qualitative
analysis of the mixing stage conducted by Stadnyk [20,21]. Maintaining process parameters
within the condition α < αcr prevents material stagnation—which is accompanied by energy
dissipation—as well as local viscous dissipation and structural overheating. To maintain a
stable directed flow, the maximum active guide length L must satisfy the condition:

L ≤ R·αcr (3)

where R is the radius of the cylindrical working element (m). The rotation duration τ1 of
the medium along the guide angle α is governed by the differential relationship:

dτ1 = R·dα/v0(α) (4)

Substituting Equation (1) into Equation (4) yields the integral form for the transition
duration τ1:

τ1 =
∫ α

0

Rdα

v1

(
1 − tanα

tanφ

) (5)

where φ = arctan f is the angle of friction.
As noted by Karthik and Anandharamakrishnan [22], balancing numerical accuracy

with computational simplicity is essential for actionable digital tools in food engineering.
While conventional CFD-DEM coupling models (e.g., Ge et al. [4], Sakai et al. [18]) require
extensive computational resources, our parameterized analytical model predicts transition
times with over 90% accuracy. Assuming a viscous dynamic resistance factor f = 6πµR, the
empirical solution for transition time τ1 yields

τ1 =
R
v1

[α + f ln (cosα + f sinα)] (6)

Equation (6) determines the exact duration τ1 required for the dough mass to traverse
the active arc from point A (initial relaxation) to point B (separation from the working
element). To ensure a continuous process without unproductive mass accumulation, τ1
must satisfy the inequality:

τ1 < τn + τc (7)

where τn is the interval between the arrival of successive mass portions, and τc is the time
taken to traverse the final arc segment C. Synchronized discrete feeding requires that the
approach time τn = vxA meets the relaxation condition:

L > vx·(τ1 − τc) (8)

where L is the distance between discrete flow portions on the working element (m), and vx

is the axial movement velocity (m/s). Inequality (8) ensures the necessary time interval for
the relaxation of viscoelastic stresses between successive deformation cycles. This prevents
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the accumulation of internal stress and mitigates the heat dissipation anomalies identified
by Derkach et al. [1]. For a given process throughput Q (kg/s), mass flow continuity
establishes the permissible angular limit of capture:

Q = ρ·F(α)·vr (9)

where ρ is the density of the dough being processed (kg/m3); F(α) is the effective cross-
sectional area of the flow (m2); and vr is the radial compaction velocity (m/s).

Experimental verification, conducted using a laboratory setup (with a velocity of
vr = 0.001 m/s) based on multiphase interface principles [7,14], confirmed the analytical
predictions. High-speed video recording demonstrated a reduction in total mixing time of
0.5 min (~14%), which significantly improved specific energy efficiency.

A structural factor contributing to this efficiency is the polygonal geometry of the
mixing chamber (3), in contrast to standard cylindrical mixers with a constant radial
clearance [15]. This pulsating clearance induces alternating cycles of compression and
stress relaxation within the dough mass, thereby reducing the total mechanical work (Asp1)
and limiting viscous heat generation (Asp3).

As a result, the need for active cooling is minimized, aligning with the criteria for
sustainable food processing established in the works of López-Avilés et al. [23] and Della
Valle et al. [24]. Real-time optimization of the flow at the interface is achieved through
a consistency controller (4) that adjusts the wall slip coefficient (k) based on the specific
degree of mixture hydration.

3.2. Evaluation of Specific Energy Consumption and Experimental Validation

To quantify the energy efficiency and mechanical work required for structural break-
down during plasticization, the thixotropic behavior of the viscoelastic wheat flour dough
was evaluated. Coagulation-type food structures exhibit pronounced thixotropy, where me-
chanical shear progressively disrupts interparticle hydrogen and disulfide bonds, leading
to structural breakdown and reduced effective viscosity µeff [25].

Experimental flow curves were generated using a rotational viscometer by increasing
the shear rate

.
γ to a peak value, followed by a controlled ramp-down. All tests were

conducted under isothermal conditions at T = 28 ◦C (301.15 K) across two operational
moisture contents (W = 45% and W = 53%). The resulting hysteresis loop area Shyst

represents the volumetric energy density (J/m3) dissipated exclusively during structural
degradation and subsequent structural recovery [26,27].

For a viscoelastic dough medium with a moisture content of 45%, the flow behavior
under increasing shear rate is described by a power–law relationship for the upper branch
of the flow curve:

τ↑45% = 4.09
.
γ

0.416 (10)

When the shear rate is subsequently decreased, the corresponding dependence (lower
branch) can be

τ↓45% = 2.11
.
γ

0.338 (11)

Similarly, for dough with a moisture content of 53%, the flow curves are described by

τ↑53% = 0.758
.
γ

0.318 (12)

τ↓53% = 0.267
.
γ

0.458 (13)

These equations characterize the equilibrium state of the medium. During the shear
process, stress levels during the unloading phase decrease more rapidly than they increase
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during initial loading, forming a characteristic hysteresis loop (Figure 3). This divergence
at identical shear rate values is attributed to the shear history of the specimen.

Figure 3. Flow curves of non-Newtonian viscous medium (dough), forming a hysteresis loop at
modes: ∇—growth; ∆—decrease in shear rate.

In the second phase of the experiment, the rapid drop in stress during decreasing
shear rates is explained by mechanical impact, which reduces internal friction and adhesion.
From a sustainability perspective, this reduction in resistance indicates a transition to a
lower energy demand state as the structure is optimized. The presence of this hysteresis
loop is a defining feature of dough as a pseudoplastic, coagulation-type dispersed system.
As illustrated in Figure 3, the area S between the flow curves serves as a quantitative
measure of the thixotropic effect. With dimensions of energy relative to sample volume
(J/m3), this area determines the precise energy required for structural destruction.

3.2.1. Mathematical Integration of Hysteresis Areas and Specific Power

To transition from qualitative observations of energy dissipation to a precise quantita-
tive assessment, the areas of the hysteresis loops (S) were determined by integrating the
difference between the stress functions during loading and unloading within the operating
range of shear rates (γ ∈ [0; 145.8] s−1):

For dough with a moisture content of 45%:

S45 =
∫ γ2

γ1

(
τ↑ − τ↑

)
d

.
γ =

∫ 145.8

0

(
4.09

.
γ

0.516 − 2.11
.
γ

0.638
)

d
.
γ =5143.7 − 4510.2 = 633.5 Pas−1(W/m3)

For dough at 53% moisture content:

S53 =
∫ γ2

γ1

(
τ↑ − τ↑

)
d

.
γ =

∫ 145.8

0

(
0.758

.
γ

0.716 − 0.267
.
γ

0.908
)

d
.
γ =2301.3 − 1881 = 420.3 Pas−1(W/m3)

The calculated limits of integration determine the exact magnitude of mechanical
power per unit volume required for the dough matrix to transition from its initial intact
structural state to the equilibrium state of homogenized flow. At a moisture content of 45%,
the specific mechanical power requirement decreases from P1 = 5143.7 W/m3 (for the initial
intact structure) to P2 = 4510.2 W/m3 (for the fully homogenized medium). This reduction
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in power (approximately 12.3%) corresponds to the work expended on the thixotropic
breakdown of the structure and serves as a quantitative indicator of the dough reaching
structural equilibrium [25].

This methodology aligns with recent findings [28–30], which emphasize that optimiz-
ing energy consumption during food mixing must be grounded in the dynamic evolution of
non-Newtonian rheological properties. Calculating power profiles via flow curve hysteresis
provides an accurate energy baseline for continuous equipment design. Furthermore, our
findings demonstrate that the optimized kinematics of the texturized drum and polyhedral
chamber enable the mass to reach the required homogenization state 0.5 min (14%) faster
than conventional cylindrical equipment, reducing both operational processing time and
cumulative electrical power demand [31].

From a sustainable engineering perspective, the hysteresis loop area serves as a pri-
mary quantitative indicator of structural integrity and thermal energy dissipation (Asp3).
A smaller hysteresis area signifies minimized internal shear friction losses, confirming
that effective plasticization and component distribution C(x,y,t) can be achieved at lower
mechanical power inputs. Furthermore, the intermittent stress relaxation enabled by
the unique polyhedral geometry promotes structural recovery during transport, prevent-
ing irreversible gluten network depolymerization [32]. These insights into thixotropic
breakdown carry direct practical implications for industrial equipment design. Aligning
drive motor power profiles with actual rheological energy demands prevents equipment
over-dimensioning, lowering capital expenditures (CAPEX) and operational energy costs
(OPEX). Ultimately, this integration of rheological modeling and kinematic optimization
offers a robust framework for decarbonizing dough processing operations and advancing
energy-efficient food manufacturing.

3.2.2. Microstructural Evolution and Specific Mixing Work Optimization

The physical validity of the shortened kinetic window identified via the energy profil-
ing methodology was independently verified through microstructural monitoring of the
treated water–flour matrix (Figure 4).

Figure 4. Photo of the dough microstructure 53%: (a)—mixing lasting 1 min; in, (b)—mixing lasting
3.6 min. Scale bar: 10 µm.

The micro-morphological scans capture the progressive transition of phases under the
optimized, discrete mechanical action of the polyhedral chamber: Initial transition state
(τ = 1.0 min): the system remains highly heterogeneous and structurally unconsolidated.
Large, isolated starch granules are randomly distributed throughout the volume, while
newly formed gluten proteins appear fragmented, unoriented, and mechanically disrupted
(Figure 4a). Optimal homogenized state (τopt = 3.6 min): the system exhibits a continuous,
highly stable macromolecular network. Starch granules are tightly embedded, uniformly
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distributed, and mechanically anchored within a well-developed continuous matrix formed
by oriented gluten proteins (Figure 4b).

Limiting the mechanical cycle to the analytically determined optimum (τopt = 3.6 min)
is crucial for maintaining the efficiency of process resource utilization. Extending mechani-
cal shear beyond this critical threshold causes significant mixing anomalies. Viscoplastic
mixing disrupts the covalent disulfide bridges (−S–S−) that stabilize the protein net-
work. This leads to the depolymerization of high-molecular-weight glutenin polymers
into smaller, mechanically weaker subunits. Such structural degradation results in an
undesirable reduction in dough elasticity, pronounced wall adhesion, and material loss
during subsequent industrial separation and forming operations.

By aligning the drum’s uniform textured surface with the fluctuations in the multi-
faceted gap, the new mixer minimizes resistance to boundary slip (Asp2) and curbs uncon-
trolled viscous heat dissipation (Asp3). This ensures that the energy supplied by the electric
drive is directed exclusively toward useful volumetric plastic deformation (Asp1) and the
targeted orientation of macromolecules (Asp4 ≈ 0.1·Asp1), thereby providing an optimized,
low-carbon processing pathway for industrial bread making.

3.3. Rheological Modeling of Dough Flow Dynamics

The aggregation of macromolecules and the formation of the wheat flour dough
structure during mechanical processing are driven by physicochemical processes occurring
at the molecular level. High-molecular-weight glutenin subunits (HMW-GS) play a crucial
role in the formation of the viscoelastic matrix. A schematic representation of the evolution
of the gluten structure during processing is shown in Figure 5.

Figure 5. Molecular interpretation of water–flour structure development during dough mixing:
(a) initial stage of mixing, characterized by randomly distributed gluten chains with the formation
of intermolecular covalent disulfide bonds; (b) optimal dough development, where gluten chains
are partially aligned and stabilized by a combination of covalent (disulfide) and non-covalent in-
teractions; (c) overmixing stage, associated with the breakdown of disulfide bonds, formation of
smaller gluten subunits, and predominance of weak non-covalent interactions (hydrogen bonding
and hydrophobic interactions).

Initial stage of transport and hydration (Figure 5a): At the beginning of mechanical
processing (τ < 1.0 min), glutenin macromolecules exist as disordered coils, resulting
in a low density of intermolecular contacts. Due to this disordered configuration, the
contribution of non-covalent and covalent cross-links to the mechanical resistance of the
shear medium remains insignificant.
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Optimal dough formation stage (Figure 5b): The combined effect of shear (γ˙) and
extensional (ε˙) deformation fields—generated by the oscillations of the grooved drum
and the multifaceted walls—induces the spatial orientation of polypeptide chains. This
molecular orientation significantly increases the probability of inter-chain interactions,
facilitating the formation of additional covalent disulfide (–S–S–) bridges alongside non-
covalent hydrogen and hydrophobic bonds. The synergistic action of these bonds creates a
continuous, highly elastic three-dimensional gluten network, corresponding to maximum
structural stability at τopt = 3.6 min.

Over-mixing and degradation stage (Figure 5c): Mechanical action exceeding the
optimum level subjects the matrix to excessive shear stresses (τshear > τcrit). This energy
input ruptures covalent disulfide bonds, leading to the depolymerization of high-molecular-
weight glutenin aggregates into smaller, highly mobile molecular fragments. Consequently,
the viscoelastic medium undergoes significant structural degradation, characterized by
a sharp decrease in effective viscosity (µeff), a loss of gas-holding capacity, and increased
surface stickiness.

The molecular evolution illustrated in Figure 5 substantiates the physical reasons for
the existence of a specific optimal processing time (τopt = 3.6 min). Limiting the mixing cycle
to this duration ensures the complete formation of the gluten network while simultaneously
preventing mechanical degradation. This molecular behavior directly corroborates the
observed energy savings (12.3%) and the reduction in cycle duration (14%). Optimizing
the kinematics of the working element preserves macromolecular integrity and minimizes
dissipative energy losses (Asp3).

3.3.1. Energy-Based Constitutive Formulation

The nonlinear viscoelastic response of dough can be described by decomposing the
Helmholtz free energy into volumetric and isochoric contributions

Ψ = U(J) + θ̄(I, F̄) (14)

where U(J) is the bulk deformation energy governing medium compressibility, J = det
F is the volume ratio, θ̄ is the isochoric component of the free energy; F̄ = J−1/3F is
the isochoric part of the deformation gradient, and Ii (i = 1, . . ., S) represent the internal
strain-like variable loads capturing the deformation history of the viscoelastic medium.

According to this kinematic decomposition, the total macro-mechanical Cauchy
stresses σ are applied by the sum of the spherical and deviator parts:

σ = p1 + σdev (15)

where p = −dU/dJ is the hydrostatic pressure, I is the second-order identity tensor, and
σdev is the isochoric part of the stress tensor response representing the deviatoric stress
contribution.

The deviatoric component is evaluated using the fourth-order deviatoric projection
tensor P as follows:

σdev =
1
J
P : σ where P = l− 1

3
I ⊗ I (16)

where l is the fourth-order identity tensor, and σ is the fictitious isochoric stress tensor.
This formulation enables volumetric deformation and shear-induced structural evolution
to be analyzed independently, which is particularly advantageous for highly hydrated
viscoelastic materials such as wheat dough.
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3.3.2. Generalized Maxwell Rheological Representation

The time-dependent response of the dough is represented by a generalized Maxwell
model consisting of one equilibrium elastic branch and several viscous branches that
describe different relaxation mechanisms (Figure 6).

Figure 6. Maxwell rheological model describing the isochoric dough mixing process: η1 −
initial dough structure; η2 − optimal dough development; η3 − overmixe ddough structure.

Generalized Maxwell rheological model illustrating the evolution of the dough mi-
crostructure during mixing. The equilibrium elastic branch represents the permanent gluten
network, whereas the viscous branches correspond to relaxation processes associated with
progressive structural development. The symbols η1, η2, and η3 schematically indicate the
structural states illustrated in Figure 5, namely the initial dough structure, optimum gluten
network development, and overmixed dough, respectively.

The viscous contribution to the isochoric free energy θ is expressed by accumulating
the potentials of the parallel relaxation paths over the mixing time τ:

θ
(

F, Ii
)
= θ

e
(F) +

S

∑
i=1

θ
v
i (Ii, F)

where θ
e
(F) represents the permanent equilibrium elastic energy potential of the main

gluten framework, θ
v
i represents the non-equilibrium viscous contribution to the free energy

of the i-th branch, and each branch corresponds to a characteristic relaxation process with
its own internal variable Ii.

Similarly, the total deviatoric stress is decomposed into its respective elastic and
viscous components:

σdev = σel
dev +

S

∑
i=1

σvis
dev,i

Such decomposition reflects the coexistence of an elastic gluten framework and mobile
viscous domains, both of which contribute to the overall rheological response during
dough mixing.

3.4. Discussion of Viscoelastic Relaxation and Microstructural Correlation

Previous studies have demonstrated that this approach adequately reproduces the
mechanical response of wheat dough, in which deformation is governed by the interaction
between a continuous gluten network and the time-dependent viscous flow of the hydrated
polymer matrix [33–35]. Similar constitutive equations have also been successfully applied
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to starch suspensions and other concentrated polysaccharide systems, where relaxation
processes determine both transient deformation and structural stability under shear con-
ditions [36,37]. Recent studies extend these classical rheological formulations through
multiscale approaches combining molecular interpretation with continuum mechanics.
Separating the Helmholtz free energy ψ into elastic (ψ−

eq) and viscous (ψ−
neq,i) compo-

nents enables quantitative analysis of energy storage and irreversible dissipation during
deformation, providing a deeper insight into the mechanisms governing gluten network
formation [26].

In the present work, this conceptual approach is further developed by establishing
a direct link between the continuum rheological model and the molecular evolution of
gluten (Figure 5). Unlike traditional applications of the generalized Maxwell model, the
proposed interpretation assigns each relaxation branch to a characteristic stage of gluten
structure development during mechanical processing. The equilibrium elastic branch ψ−

eq

corresponds to the permanently cross-linked gluten network, while the viscous branches
describe sequential molecular rearrangements. From a thermodynamic standpoint, the area
of the macroscopic hysteresis loop (S) serves as an overall measure of specific mechanical
energy (Ethix, J/m3) dissipated as a result of thixotropic structural breakdown.

The discrete relaxation spectrum, represented by three characteristic viscosity parame-
ters (η1,η2,η3) in Figure 6, provides an explicit mechanistic bridge between the macro-scale
dissipation area S and the microstructural transformation stages (Figure 5): Initial viscos-
ity (η1) reflects high structural resistance and non-uniform energy dissipation during the
chaotic orientation of unaligned glutenin chains (Figure 5a). Optimal network viscosity (η2)
characterizes the stabilized, structurally balanced viscoelastic response at maximum gluten
orientation and cross-linking (Figure 5b), when the hysteresis loop area S stabilizes at a ra-
tional thermodynamic minimum. Overmixed dough viscosity (η3) quantitatively describes
the sharp drop in viscosity caused by excessive mechanical shear, depolymerization, and
the cleavage of covalent disulfide (−S–S−) bonds (Figure 5c).

Practical Implications and Sustainability Alignment

From an engineering and industrial perspective, the theoretical framework and math-
ematical model developed in this study significantly accelerate the optimization of rational
design parameters for continuous dough mixing equipment. This minimizes reliance on
costly and time-consuming empirical trial-and-error prototyping [2,10]. Recent literature
strongly emphasizes that the baking industry must rapidly shift toward resource-efficient
processing technologies to achieve global sustainability and decarbonization targets [12,14].
As highlighted by Cappelli et al. [2] and Sakai et al. [10], precise control over hydrodynamic
flow behavior and mechanical energy input during mixing serves as a primary lever for
reducing cumulative energy consumption, raw material waste, and the overall carbon
footprint of grain-processing operations. By establishing clear numerical limits for the
hydrodynamic flow regime and optimizing effective mixing duration (τopt = 3.6 min), our
experimental and theoretical findings confirm that the proposed texturized drum geometry
(groove pitch S = 1 mm) combined with clearance oscillations in the polyhedral chamber
(δmean = 5–7 mm) successfully mitigates non-productive shear dissipation (Asp3) and wall
slip losses (Asp2). Consequently, this approach directly improves the ecological profile
and resource-efficiency metrics of the dough preparation stage, bridging the gap between
theoretical transport phenomena and sustainable industrial application [2,10,12,13].
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4. Conclusions
The present study developed an integrated information–energy framework for de-

scribing dough mixing by combining molecular interpretation of gluten network evolution
with nonlinear rheological modeling. The principal conclusions are as follows.

1. The proposed constitutive formulation describes dough as a nonlinear viscoelastic
material by combining molecular mechanisms of gluten structure development with
an energy-based decomposition of elastic and viscous responses. This framework
establishes a physically consistent relationship between microstructural evolution
during mixing and the corresponding macroscopic rheological behavior.

2. Analysis of the rheological response demonstrated that the specific power input
decreased from 5143.7 W·m−3 for the initial dough structure to 4510.2 W·m−3 after
structural homogenization, corresponding to a reduction of approximately 12.3%
under the investigated operating conditions. These results indicate that structural
evolution during mixing is accompanied by a measurable decrease in the mechanical
energy required to maintain material deformation.

3. Evaluation of the hysteresis loop area showed that the optimum rheological state of
the dough was achieved after approximately 3.6 min of mixing, which corresponds
to about 14% shorter processing time than the reference operating regime. This
result demonstrates the possibility of identifying rational mixing conditions based on
rheological criteria.

4. The generalized Maxwell rheological model with a distributed relaxation spectrum
reproduced the experimentally observed behavior with an agreement exceeding 90%,
confirming its suitability for describing the time-dependent viscoelastic response of
wheat dough. The model provides a basis for correlating processing parameters,
including rotational speed, working geometry, and gap size, with material rheology.

5. Practical Significance & Future Outlook: The developed information–energy approach
provides a unified multi-scale paradigm for interpreting dough structure development
from the molecular scale to continuum mechanics. Future research should focus on
validating the proposed model under industrial pilot-scale operating conditions,
expanding the formulation to multicomponent dough systems, and incorporating
non-isothermal viscous heat dissipation effects.
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